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Automated indexing for texture and strain measurement
with broad-bandpass x-ray microbeams

Jin-Seok Chung and Gene E. Icea)

Metals and Ceramics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831-6118

~Received 12 January 1999; accepted for publication 6 August 1999!

Methods are derived for measuring local strain, stress, and crystallographic texture~orientation! in
polycrystalline samples when 1–10 grains are simultaneously illuminated by an energy scanable or
broad-bandpass x-ray beam. The orientation and unit-cell shape for each illuminated grain can be
determined from the diffracted directions of four Bragg reflections. The unit-cell volume is
determined by measuring the energy~wavelength! of one reflection. The methods derived include an
algorithm for simultaneously indexing the reflections from overlapping crystal Laue patterns and for
determining the average strain and stress tensor of each grain. This approach allows measurements
of the local strain and stress tensors which are impractical with traditional techniques.
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INTRODUCTION

The development of ultrabrilliant third-generation sy
chrotron x-ray sources1,2 together with recent advances
x-ray optics3,4 has created intense x-ray microbeams wh
can be used to study material properties with submicron s
tial resolution. X-ray microdiffraction is a particularly prom
ising tool for the study of strain and texture distributions.5–7

However, traditional measurement techniques are unsuit
for polycrystalline x-ray microdiffraction; too few grains ar
illuminated for powder diffraction and monochromat
single-crystal techniques cannot be used because the sa
volume changes when the sample is rotated~Fig. 1!.

White-beam Laue diffraction is a standard crystal
graphic method used to determine crystal orientation with
rotation of the sample.8,9 However, Laue diffraction is rarely
used to measure strain because the precision of most
instruments is low compared to modern diffractometers,
because the unit-cell volume cannot be determined wit
standard Laue measurement. Nevertheless, with suitabl
strumentation, the Laue method can be used to precisely
termine the orientation~local texture! of individual grains
and their distortional-strain terms~the deviatoric strain!.
Laue diffraction can also be extended by measuring the
ergy of one or more reflections to determine the full str
tensor in polycrystalline samples.

In order to measure straindistributions, a large number
of measurements must be collected. This process requ
automated methods such as the ones outlined below
course, these methods can also be applied to studies
larger beams using standard x-ray sources.

The actual process of measuring strain in polycrystall
samples with microprobe beams is outlined in Fig. 2.
broad-bandpass microbeam intercepts a sample and ill
nates a small number of crystal grains. The overlapping L
patterns from the grains are recorded on an area detecto
fit to find the center of each reflection. The pattern is th
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indexed to determine the indices of each reflection and
number of reflecting grains. Finally, the texture~orientation!
and relative or absolute strain tensors are determined for
illuminated grains.

The organization of this article traces backward throu
the flow chart of Fig. 2. We first demonstrate how the str
tensor is determined by the unit cell, then show how
unit-cell parameters are determined, and finally, show h
the reflections are automatically indexed.

The key step in this process is indexing the Laue sp
The indexing approach outlined in this article is quite distin
from methods which have been described previously,10–12

and has the advantages that it requires only a few reflect
(.4 per grain!, and can process overlapping Laue patte
generated by multiple grains.

STRAIN FROM UNIT-CELL PARAMETERS

Single-crystal diffraction directly measures the avera
local strain tensor of the crystal through the orientation of
unit cell and the distortion of the lattice parameters fro
their ~unstrained! values. Consider, for example, a unit ce
with lattice parametersai anda i and a Cartesian-coordinat
systemui , which is attached to the crystal. We adopt a n
tation where the vectora1 is coincident with theu1 axis,a2 is
in the u1u2 plane, andu3 is perpendicular to theu1u2 plane
~see Fig. 3!. Similar notations have been adopted by previo
authors.13–15

A position in the crystal can be specified either by
vector in the Cartesian coordinatesvu or by a vector with
unit-cell coordinatesv. The transformation from unit-cell co
ordinates to Cartesian coordinates is given byvu5Av, where

A5S a1 a2 cosa3 a3 cosa2

0 a2 sina3 2a3 sina2 cosb1

0 0 1/b3

D . ~1!

Here, theb is andbis are the reciprocal-lattice parameters f
the unit cell.
9
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A vector position attached to a crystal can move due
rigid body translation of the crystal, due to rigid body rot
tion of the crystal, or due to distortion of the crystal latti
~strain!.16 The average strain of a measured unit cell can
determined by comparing the measured unit-cell parame
to the unit-cell parameters of undistorted material. LetAmeas

be the matrix which converts a measured vectorv into the
measured crystal Cartesian coordinates. LetA0 be the matrix
for an unstrainedunit cell which convertsv into the Carte-
sian reference frame of the measured~strained! crystal. To
ensure that there is no rigid body translation between
measured unit cell and the unstrained unit cell, the origin
the unit cell-vectors are made coincident. For convenien
we assumea1 of the unstrained unit cell lies along theu1

axis anda2 of the unstrained unit cell lies in theu1u2 plane.
A position vectorv in the unit-cell coordinates is foun

in the measured-crystal Cartesian-coordinate reference fr
at positionA0v for the unstrained case and at positionAmeasv
for the strained case. With this definition, for the matric
AmeasandA0 , there is a transformation matrixT which maps
from unstrained to strained vectors:

Ameas5TA0 . ~2!

The transformation matrix can include both distortion a
rotation terms and for unstrained crystalsT5I . From the
definition of the strain tensor« i j , the strain tensor in the
measured-crystal Cartesian-coordinate reference fram
given by

« i j 5~T i j 1T j i !/22I i j . ~3!

FIG. 1. A small penetrating x-ray beam intercepts various grains in a p
crystalline sample which changes as the sample is rotated. Different g
are illuminated because~a! the penetrating beam has a high depth-
transverse cross-section ratio, which in polycrystalline samples mak
impossible to ensure that the same grains are illuminated as the sam
rotated, and~b! because the sphere of confusion for state-of-the-art diffr
tometers is greater than 1mm3.

FIG. 2. Flow chart for calculating the strain in a polycrystalline sam
using an x-ray microbeam.
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The strain tensor in the crystal reference frame can be c
verted to a laboratory reference frame or to a sample re
ence frame by using a rotation matrixR:

«sample5R«R21. ~4!

The strain tensor of Eq.~3! contains both a hydrostatic strai
~dilatation! and a distortion strain term. With the hydrostat
strain,D/3, defined as the mean strain component along e
Cartesian axis, Eq.~3! can be written in terms of the two
components

«5S «112
D

3
«12 «13

«12 «222
D

3
«23

«13 «23 «332
D

3

D 1S D

3
0 0

0
D

3
0

0 0
D

3

D ,

~5!

whereD5«111«221«33. Here the first term is the distor
tional term and the second term is the dilatational term. T
first term is also called the deviatoric strain. With microd
fraction measurements, it is important to retain the full~9
parameter! information contained in the crystal strain tens
and local grain orientation; the stress tensor can be de
mined from the strain tensor and the anisotropic sing
crystal elastic constants~stiffness moduli!:16

s i j 5(
kl

Ci jkl «kl . ~6!

ORIENTATION AND UNIT-CELL CONSTANTS FROM
MONOCHROMATIC REFLECTIONS

With monochromatic diffraction, it is well known tha
two noncollinear reflections are required to determine
orientation of a crystal.13 Three independent reflections d
termine the orientation and unit-cell parameters of an
known ~i.e., strained! crystal.13

With a wide-bandpass~or white! beam, the Bragg con
dition can be met for more than one reflection without rot
ing the sample. However, the energy of each reflection m
be measured to determine the diffraction vector. For
ample, if the energy of the incident beam is scanned while

FIG. 3. Cartesian coordinates attached to the real-space unit cell. Note
u15a1 /ua1u; u35a13a2 /ua13a2u; andu25a33a1 .ua33a1u
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area detector is monitored for Bragg reflections, the ang
and energies of n reflections can be collected. The prob
of determining the unit-cell parameters and crystal orien
tion with this method is virtually identical to monochromat
beam measurements, and again, two independent reflec
determine the orientation of a known unit cell while thr
independent reflections determine the orientationand unit-
cell parameters of an unknown unit cell.

Although measurements with a scanable beam have
definite advantages~low thermal load, reduced number o
reflections needed, etc.!, the method is inherently slow com
pared to measurements with broad bandpass or white be
which simultaneously meet the Bragg condition for seve
reflections~Fig. 4!.

DETERMINATION OF CRYSTAL ORIENTATION FROM
TWO WHITE-BEAM REFLECTIONS

With white-beam Laue diffraction, the volume of a un
cell ~dilatation! cannot be unambiguously determined. F
example, as shown in Fig. 5, two unit cells with the sa
relative shape and orientation create identical Laue patt
although they have very different volumes. Theenergiesof
the reflections are, however, sensitive to thed spacing, and
hence, to the volume of the unit cell. We show later that
volume of the unit cell can be determined by measuring
energy ofoneof four independent reflections or by measu
ing the energies of three independent reflections.

As described by Busing and Levy,13 it is convenient to
work in reciprocal lattice space to calculate crystal pla

FIG. 4. Broad-bandpass radiation can simultaneously excite several re
tions.
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normals. We adopt an approach similar to that of Busing a
Levy13 with a second Cartesian coordinate system attac
to the crystal. Thex axis is parallel to the crystal reciproca
axisb1 , they axis is in the plane ofb1 andb2 , and thez axis
is perpendicular to theb1b2 plane. With this definition, a
vectorvR can be transformed from reciprocal-lattice coord
nates to thexyz reciprocal-lattice Cartesian coordinates~see
Fig. 6! with the transformation

vc5BvR , ~7!

where

B5S b1 b2 cosb3 b3 cosb2

0 b2 sinb3 2b3 sinb2 cosa1

0 0 1/a3

D . ~8!

Here again, theais and a is and thebis and b is are the
real-space and reciprocal lattice parameters, respectiv
Vectors in the reciprocal-lattice Cartesian-coordinate sys
can be further transformed into a laboratory Cartesi
coordinate system if the orientation of the crystal is specifi
through an orientation matrixU such that

vlab5Uvc . ~9!

With this definition, the normal of a reflectionh,k,l in the
laboratory Cartesian-coordinate system is given by

nhkl5UBS h

k

l
D Y UUBS h

k

l
D U . ~10!

Experimental measurements consist of beam intercepts
detector referenced to the laboratory reference framerhkl . If
the energy of the x-ray beam is unknown, then the direct

c-

FIG. 6. The reciprocal-lattice crystal-coordinate systemxyz is coincident
with the laboratoryijk reference frame whenU5I . Note that the incident
beam has a2j direction.
ns
FIG. 5. For two unit cells with the same relative shapes and orientations, the Laue patterns will look the same. However, the energies of the reflectiodepend
on thed spacing, and hence, the volume of the unit cell.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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of the reflection~normal of the Bragg planes! is determined
but the magnitude of the momentum transferh is not deter-
mined. The normal to the Bragg plane is given by

nhkl
M 5

r̂hkl1 j

u r̂hkl1 j u
. ~11!

Assume that there are two observed reflections with kno
indices, denoted as theprimary andsecondaryorienting re-
flections. From the experimental observations, we know
plane normals for the two reflections in the laboratory ref
ence framenM1 , nM2 . Since the indices and unit-cell param
etersB are known, we can calculate the Bragg plane norm
in the laboratory reference frame if the orientation matrixU
is known:

nM15UBS h

k

l
D

1

. ~12!

The ideal orientation matrixU satisfies Eq.~12! for both the
primary and secondary orienting reflections. However, as
scribed by Busing and Levy,13 due to experimental errors o
lattice strain, it is not, in general, possible to find an orthog
nal matrix U that simultaneously satisfies both condition
Indeed, there are four independent equations which mus
satisfied by only three rotations parameters. The stand
practice is, therefore, to insist that the primary reflection s
isfies Eq.~12! and to further constrainU so the secondary
reflection calculated from Eq.~10! lies in the plane which
contains the experimental normals.13

ORIENTATION AND DISTORTION STRAIN FROM
FOUR WHITE-BEAM REFLECTIONS

When the unit-cell parameters are unknown~i.e.,
strained crystal!, it is still possible to determine the orienta
tion andthe deviatoric strainof the unit cell if four indepen-
dent broad-bandpass reflections are observed. Here, we
to find matricesU and B that simultaneously satisfy fou
observed normal directions. Each normal has two direc
angles, so with four independent normals there are a tota
eight independent equations to solve for the nine unkno
~three crystal rotations and six unit-cell parameters!. How-
ever, since the dilatation term cannot be determined with
an energy measurement~Fig. 5!, we restrict ourselves to th
determination of the orientation and the deviatoric strain.

From Eq. ~5!, the diagonal elements of the distortio
strain tensor must sum to zero, hence, the deviatoric st
tensor can be written with five unknowns, where the« i i*
5« i i 2D/3,

«d5S «11* «12 «13

«12 «22* «23

«13 «23 2«11* 2«22*
D . ~13!

If dilatation is ignored, there are, therefore, a total of eig
unknowns about the crystal orientation and the unit-cell
rameters.
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Suppose the normal directionsni of four reflectionshi

are measured. In order to determine distortion and orie
tion, each of the four subsets of three reflections must
linearly independent. The momentum transfer vectors
then related to the normals and to each other through s
factorssi , which we define as

h15s1s3n1 ,

h25s2s3n2 ,

h35s3n3 ,

h45c1h11c2h21c3h3 . ~14!

Here, theci are determined by the reflection indices, ands3

is an overall unit-cell scale factor which cannot be det
mined without energy measurements. To finds1 ands2 , we
use

j–n4

k–n4
5

~c1s1n11c2s2n21c3n3!–j

~c1s1n11c2s2n21c3n3!–k
~15!i–n4

k–n4
5

~c1s1n11c2s2n21c3n3!–i

~c1s1n11c2s2n21c3n3!–k
.

The two equations above are used to solve for the two
known ratioss15uh1u/uh3u ands25uh2u/uh3u.

Once s1 and s2 are known, the direction normals an
relative magnitudes of any reciprocal-lattice reflections c
be determined in the laboratory reference frame~e.g.,
ub1u/ub3u, ub2u/ub3u, n100, n010, n001). From the definitions
which led to Eq.~8!, and assuming that the productb1 b2b3

is known from the unstrained unit cell~no dilatation!, the
reciprocal-lattice Cartesian coordinates can then be spec
and, therefore, the matricesB andU.

FULL STRAIN TENSOR

Once the unit-cell shape and orientation have been
termined, the volume can be unambiguously determined
measurement of the energy of a single reflection. This gi
the lattice spacing of the reflection and, therefore, the m
nitude of the reciprocal lattice point represented by the
flection.

In order to increase the speed and accuracy of the en
measurement, it is important to minimize the scan range
the monochromator. For a simple fcc metal, and for reas
able detector solid angles of;0.25, there should be;1
reflection over aDE of 6100 eV at 20 keV. It should, there
fore, be possible to predict the energy of a reflection fo
simple fcc metal within;100 eV of a nominal monochro
mator setting. Experience has shown that monochrom
motions on this scale can be reproducibly made wit
;0.1– 0.25 eV. A special monochromator designed and c
structed for such measurements will be described in a l
publication.

AUTOMATIC INDEXING

As illustrated above, a key to measurements with bro
band-pass beams is the ability to index the observed re
tions. This important step has been addressed in prev
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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publications,10–12 but existing methods are often difficult o
impossible to use with microdiffraction data on polycryst
line materials; existing methods require many reflectio
from each grain and are greatly complicated by overlapp
patterns. The method described below works well w
simple cubic metals where only a few (4 – 20) reflections
collected for each grain.

The algorithmORDEX is outlined in the flow chart of Fig.
7. A well-calibrated area detector is used to collect overl
ping Laue patterns from a polycrystalline sample. With t
angles of observed reflections measured from a cha
coupled device camera~CCD!, Bragg plane normals,q̂ ~the
directional vector of the scattering vectorq! for each Laue
reflection are determined from the direction of the incide
beamk̂ in and the diffracted beam,k̂out:

q5kout2k in , uk inu5ukoutu,

q̂// k̂out2 k̂ in . ~16!

Bragg plane normals and 2u angles for each reflection
are noted and possible indices of each reflection are ca
lated based on 2u and the energy bandpass. The angles
tween the Bragg plane normals of possible pairs of indi
are then compared to find pairs within the estimated m
surement and strain uncertainty of the sample. Angles
tween three and higher numbers of reflections are then c
pared to identify all reflections from a single grain.

FIG. 7. ORDEX flow chart. The possible indices for each reflection are
termined from the known bandpass of the radiation, the known unit ce
an unstrained grain, and the 2u angle of the reflection. The measured ang
between reflections are then compared to the theoretical angles for a
strained grain with all the possible indices. If the angles lie within
expected experimental and strain uncertainty, then the indices are tenta
assigned to the same grain. If no indices can be found which fall within
expected angular uncertainty, then at least one reflection is stored for
evaluation with a new grain. The flow chart does not show the steps requ
for calibrating the detector system.
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A typical experimental setup to take wide-bandpa
Laue images is shown in Fig. 8. Because synchrotron ra
tion is polarized in the plane of the storage ring, a CC
camera above the sample is more efficient than one in
ring plane. The sample can be scanned along three orth
nal axes and the CCD camera can be moved up and do
The vertical detector motion is used to change the ang
resolution/solid angle subtended by the detector and to h
determine the distance from the detector to the sample.

Accurate angle measurements are required for index
In general, there are six parameters that describe the pos
and orientation of the CCD camera relative to the samp
beam intercept. A good estimate of the distance between
sample and the detector can be made by translating the
tector and triangulating the relative position of the beam
sample intercept. The measured sample–detector geom
can be further refined by fitting the relative position a
angles~pitch, yaw, roll! of the detector to Laue patterns from
known single crystals with negligible strain. Additional di
tortions in the detector introduced by coupling to fiber opt
or by deposition of the phosphor screen must also be
rected to obtain high-accuracy angle measurements.

Once the angles of observed reflections are determin
the directional vectors of the reflection normals can be de
mined@Eq. ~11!#. For a given bandpass and a known crys
structure, there are only a limited number of possible of pa
indicesh,k,ls. The upper bound ofh, k, and l is set by the
energy bandpass. Also for larger indices, reflections
weaker because atomic scattering factors diminish for la
momentum transfer. For indexing purposes, typically, in
ces above 20 can be ignored.

The symmetry of the crystal structure further eliminat
certain combinations of indices by selection rules. For a
position on the detector, there are only a limited number
possible indices due to the two-theta angle and the band
of the incident x-ray beam. With a reasonable selection
bandpass, a manageable number of possible indices ca
obtained. For example, with a 10% bandpass at 20 keV,
number of possible indices for each observed reflection
;200– 500 for a Si crystal. The list of possible indices i
creases linearly with bandpass, which slows the algorit
for very large bandpasses. InORDEX, a list of possible indi-

-
f

un-

ely
e
ter
ed

FIG. 8. X-ray microdiffraction geometry showing the area detector positi
ing for scattering in the vertical plane. This geometry is most efficient
diffraction because the polarization of the incident beam is in the horizo
plane. The detector can be moved~dotted line! to help determine the origin
of the diffracted ray.
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ar
th
s
la
n
e
th
a

kly
u
ge
e
20
a
n
a

oin
in

.
au
b
r

ac
th
p

it

n
ri
d
y

th
or

is

the
in

gu-
tal
or-
an
, a
t to
ex-

rly
e a

arti-
the
llu-
lt
der
uce
ith
ors

lo-
als.
in-
ndi-
een
cell
vol-
rgy
eter-

u-
to

iot
for
e of
rch
.S.
5-
his
e 7
the

e

5254 J. Appl. Phys., Vol. 86, No. 9, 1 November 1999 J.-S. Chung and G. E. Ice
ces is made for each reflection. The program then comp
the measured angles between pairs of reflections to the
oretical angles for an unstrained crystal. It discards pair
their relative angles do not fall within a selectable angu
range of the theoretical prediction. All possible combinatio
of indices are checked, until only pairs that are consist
with the known crystal structure are determined. When
relative angles between more than three reflections
checked, the number of possible indices converges quic

With more than three noncoplanar reflections, uniq
pairs can be found by this algorithm. A typical Laue ima
of Si with an 18–20 keV bandpass and more than ten refl
tions takes only a few seconds to index on a Pentium Pro
MHz PC. For polycrystalline samples, some reflections m
not have any indices which satisfy the angle requireme
because they are from different grains. These reflections
set aside and the program continues to index as many p
as possible. Later, the algorithm is reapplied to the un
dexed reflections to index and identify separate grains
this way, several grains can be indexed from a single L
image. Even grains of two different crystal structures can
identified. For example, a Laue image from heterostructu
thin films can be analyzed to index the reflections from e
layer. Once the indices of each layer are determined,
orientation and strain tensors can be found as described
viously.

EXAMPLE

The methods described above are briefly illustrated w
a simple example. Two Ge patterns were collected from
monolithic Ge crystal with negligible strain. These patter
were superimposed as shown in Fig. 9 and then the supe
posed pattern was automatically indexed to identify the in
ces of each reflection and to identify to which ‘‘grain’’ the
belonged.

The deviatoric strain tensor was next calculated from
minimum set of four normal vectors. In this case, the vect
used were the@8 6 26#, the @6 6 24#, the @3 5 27#, and the
@3 3 23#. The deviatoric strain tensor recovered with th
method is

FIG. 9. Superimposed images from a Ge single crystal with two indep
dent orientations.
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«d5S 20.0024 0.0000 0.0017

0.0000 0.0027 20.0011

0.0017 20.0011 20.0003
D .

In this example, the calculated strain tensor indicates
uncertainty of the experimental method. Strain resolution
the plane of the sample is compromised by the limited an
lar range of the detector and by the limited experimen
accuracy of the present CCD system. Much lower dist
tional stain uncertainties are obtained by fitting to more th
four reflections. For example, with the present example
calculated strain tensor from a nonlinear least-squares fi
eight reflections has almost an order of magnitude lower
perimental uncertainty:

«d5S 20.0002 20.0002 0.0000

20.0002 20.0003 20.0002

0.0000 20.0002 0.0005
D .

Although the Ge example may appear to be a particula
simple case, large monolithic single crystals can, in fact, b
challenge. The intense reflections can cause overflow
facts in the CCD image and the small divergence of
dynamically diffracted beam means that each reflection i
minates only a few pixels of the CCD. This makes it difficu
to accurately locate the center of the reflection. With broa
bandpass, more reflections can be collected to further red
the experimental uncertainty. For example, in cases w
40–60 reflections, uncertainty in the deviatoric strain tens
of the ,1 part in 104 will be reported in a later paper.

CONCLUSION

X-ray microbeams allow precision measurements of
cal strain, stress, and orientation in polycrystalline materi
Overlapping Laue patterns from multiple grains can be
dexed by an iterative process which compares possible i
ces for several reflections with the observed angles betw
the reflections. Once the reflections are indexed, the unit-
orientation and unit-cell shape can be determined. The
ume of the unit cell can be determined with a single ene
measurement. The average local strain tensor can be d
mined from the unit-cell parameters.
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